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Abstract
Canonical quantization is often used to suggest new effects in quantum gravity,
in the dynamics as well as the structure of space-time. Usually, possible phenomena
are first seen in a modified version of the classical dynamics, for instance in an
effective Friedmann equation, but there should also be implications for a modified
space-time structure. Quantum space-time effects, however, are often ignored in
this setting because they are not obvious: they require a careful analysis of gauge
transformations and the anomaly problem. It is shown here how modified space-time
structures and effective line elements can be derived unambiguously, provided an off-
shell anomaly-free system of modified constraints exists. The resulting effective line
elements reveal signature change as an inescapable consequence of non-classical gauge
transformations in the presence of holonomy modifications. The general framework
is then specialized to black-hole models in loop quantum gravity. In contrast to
previous studies, a self-consistent space-time structure is taken into account, leading
to a new picture of black-hole interiors.
1 Introduction
The covariance problem is highly non-trivial in modified or quantum canonical gravity.
Not just the dynamics but also the structure of space-time may change, and the correct
space-time structure is to be derived from the theory. A self-consistent space-time structure
within a given theory is important not only for an interpretation of the theory but also
for explicit derivations based on effective line elements. A line element ds2, by definition,
provides a distance measure independent of the choice of coordinates. In any theory with
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classical covariance, based on Riemannian geometry, the metric tensor gµν has the correct
transformation properties such that the familiar equation
ds2 = gµνdx
µdxν (1)
results in a coordinate-independent expression.
In canonical gravity, the components of gµν are split into different types of variables:
the spatial metric qab, the shift vector N
a, and the lapse function N . They now define the
line element in the form [1]
ds2 = −N2dt2 + qab (dxa +Nadt)
(
dxb +N bdt
)
(2)
with a time coordinate t and spatial coordinates xa, a = 1, 2, 3 in xµ = (t, xa). There is
a one-to-one correspondence between the components of gµν and the components of qab
together with Na and N . However, in the canonical formulation, the coefficients in the
space-time line element play rather different roles: The spatial metric qab provides the
phase-space coordinates, along with momenta pcd related to extrinsic curvature. Lapse
and shift, on the other hand, are multipliers of first-class constraints H [N ] and D[Na], and
therefore determine a gauge but do not have non-zero momenta.
Gauge transformations, generated by H [N ] and D[Na] via Poisson brackets, seem to
change only phase-space variables, that is, the spatial components qab of the metric (2). A
generic coordinate transformation, on the other hand, should change all the coefficients in
the space-time line element. There should therefore be gauge transformations of lapse and
shift as well, in addition to those of qab. In classical canonical gravity, it is known that such
transformations are indeed implied by the constrained system given by H [N ] and D[Na],
in particular by the consistent interplay of equations of motion and gauge transformations
generated by the constraints. (See [2] for details.) Such an interplay relies on the off-shell
form of Poisson brackets of the constraints, or the hypersurface-deformation brackets
{D[Na1 ], D[N b2 ]} = D[LN1Na2 ] (3)
{H [N ], D[Na1 ]} = −H [LN1N ] (4)
{H [N1], H [N2]} = ±D[qab(N1∂bN2 −N2∂bN1)] (5)
where the± in the last equation indicates space-time signature. (An equivalent formulation
[3] may use an extended phase space in which lapse and shift do have momenta, subject
to additional constraints that they vanish. These additional constraints are not relevant
for space-time transformations and therefore do not affect considerations of space-time
structure.)
However, it seems that these general properties have not always been taken into account
in modified or quantum canonical gravity. In this setting, motivated by different kinds of
formal aspects of quantization, one modifies some of the constraints, in most cases the
Hamiltonian constraint H [N ]. A large class of examples includes homogeneous models of
quantum cosmology, in which only a single constraint, H [N ] with spatially constant N ,
is non-trivial and implies a modified Friedmann equation when quantized. The modified
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Friedmann equation then leads to modified evolution equations for the scale factor a(t),
which may show interesting new effects. One could then insert a modified scale factor
in an “effective” line element ds2 = −N(t)2dt2 + a(t)2ds2k, with the appropriate spatially
isotropic line element ds2k and a lapse function N(t) corresponding to one’s choice of time.
But without an analysis of space-time structure, such a line element is coordinate dependent
and therefore meaningless if H [N ] is modified such that the constraints no longer obey the
classical hypersurface-deformation brackets. In such a case, gauge transformations of a
according to modified constraints are not consistent with coordinate transformations of t
and xa. In some cases, the constraint brackets may still be closed but modified, in which
case a suitable effective line element requires additional modifications. And if the constraint
brackets no longer close, gauge transformations are broken and no effective line element
exists. These statements underline the importance of the off-shell brackets of constraints,
the derivation of which presents one of the most challenging tasks in approaches to canonical
quantum gravity.
Fortunately, there are some models of canonical quantum gravity in which closed mod-
ified constraint brackets can be derived in their off-shell form. These include some ver-
sions of cosmological perturbations [4, 5, 6], and spherically symmetric models with non-
perturbative inhomogeneity [7, 8, 9, 10]. Here, we will use the latter models because their
equations are less lengthy and show the relevant features more clearly. After a review of
covariance in classical canonical gravity, we will show how all the required ingredients of
covariance can be derived in modified canonical models, provided one has access to the
off-shell brackets of constraints. As an application, we will obtain effective line elements
and black-hole models with crucial new ingredients not considered before.
In particular, we shall show that given a deformation of the bracket between two mod-
ified Hamiltonian constraints, the same deformation function appears in the time-time
component of the effective line-element. If the bracket is deformed such that its structure
function changes sign, the time-time component of the effective line element turns posi-
tive, while the remaining contributions remain positive definite. This result unequivocally
demonstrates the change in signature of the space-time metric which had earlier been de-
duced more indirectly from the change in sign of the hypersurface-deformation brackets,
or from field equations they imply [11, 12]. Thus, signature-change is a necessary effect
of having deformed hypersurface-deformations such that their structure function changes
sign, as long as one is careful in deriving an invariant line-element that is consistent with
the modified gauge transformations of the effective theory.
2 Effective equations in spherically symmetric models
of loop quantum gravity
In spherically symmetric models, the canonical line element (2) takes the form
ds2 = −N(t, x)2dt2 + qxx(t, x) (dx+Nx(t, x)dt)2 + qϕϕ(t, x)dΩ2 (6)
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with two independent metric components qxx and qϕϕ, and just one non-zero component
Nx of the shift vector field, all depending on t and just the radial spatial coordinate x.
In order to be closer to models of loop quantum gravity, we express the metric compo-
nents in terms of a densitized spatial triad with components Ex and Eϕ, such that
qxx =
(Eϕ)2
Ex
, qϕϕ = E
x . (7)
For our purposes, it is sufficient to view these equations as part of a canonical transfor-
mation. (For details of the derivation of these and some of the following relations, see
[13, 14, 15]. In general, Ex could take positive or negative values, indicating the orienta-
tion of space. We will assume Ex > 0 without loss of generality.) The triad components
then acquire momenta Kx and Kϕ such that
{Kx(x), Ex(y)} = 2Gδ(x, y) and {Kϕ(x), Eϕ(y)} = Gδ(x, y) . (8)
The relationship between the momenta and partial derivatives of triad variables (or
extrinsic curvature) is determined by the constraints, solving E˙x = {Ex, H [N ] + D[Na]}
and E˙ϕ = {Eϕ, H [N ] +D[Na]} for Kx and Kϕ. In classical gravity, the constraints are
H [N ] = − 1
G
∫
dxN
(
Eφ
2
√
Ex
K2ϕ +Kϕ
√
ExKx +
Eφ
2
√
Ex
− ((E
x)′)2
8
√
ExEφ
+
√
Ex(Ex)′(Eφ)′
2(Eφ)2
−
√
Ex(Ex)′′
2Eφ
)
(9)
and
D[Nx] =
1
2G
∫
dxNx
(
2K ′ϕE
ϕ −Kx(Ex)′
)
. (10)
Their off-shell brackets mimick the full ones, with
qxx =
Ex
(Eϕ)2
(11)
replacing qab in (5).
2.1 Holonomy-modified effective constraints
Holonomy modifications in spherically symmetric models change the dependence of the
Hamiltonian constraint onKϕ. Similarly to the full theory of loop quantum gravity [16, 17],
spherically symmetric models in a loop quantization have operators only for exponentials
exp(iδKϕ) of Kϕ, which is part of the components of a U(1)-connection [14]. Prior to quan-
tization, the Hamiltonian constraint therefore is modified by correction terms with higher
powers of Kϕ, such that the classical polynomial form is extended to a periodic function
[15], again mimicking the construction in the full theory [18]. The diffeomorphism con-
straint, by contrast, is represented directly via its finite spatial transformations, without
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modifications. In order to analyze potential consequences of loop quantizations, one can
therefore consider holonomy modifications in the Hamiltonian constraint, with the impor-
tant condition that they not break gauge transformations. This condition is implemented
by making sure that the constraints remain first class, that is, their Poisson brackets are
still closed after holonomy modification.
The constraint brackets remain closed if we use a Hamiltonian constraint of the form
H [N ] = − 1
G
∫
dxN
(
Eφ
2
√
Ex
f1(Kϕ) + f2(Kϕ)
√
ExKx +
Eφ
2
√
Ex
− ((E
x)′)2
8
√
ExEφ
+
√
Ex(Ex)′(Eφ)′
2(Eφ)2
−
√
Ex(Ex)′′
2Eφ
)
(12)
with two functions f1(Kϕ) and f2(Kϕ), such that [7, 10]
f2(Kϕ) =
1
2
df1(Kϕ)
dKϕ
. (13)
The structure function in the bracket of two modified Hamiltonian constraints then acquires
a factor of
β(Kϕ) =
1
2
d2f1(Kϕ)
dK2ϕ
. (14)
In these derivations, the diffeomorphism constraint is left unmodified: In most construc-
tions of the kinematics of loop quantum gravity, one does not use holonomies to quantize
the diffeomorphism constraint but rather represents its finite action [17]. This procedure
does not suggest holonomy modifications in the diffeomorphism constraint. Moreover, in
the Hamiltonian constraint, only the Kϕ-dependence is modified while the Kx-dependence
remains linear. This form is motivated by differences in the roles played by these two
extrinsic-curvature components in holonomies. While Kx appears in extended, non-local
holonomies, exponentiating the radially integrated Kx, Kϕ appears in “point” holonomies
[19] which just exponentiate a multiple of iKϕ at a given point x. (See [14] for the corre-
sponding quantum representation.) Holonomy effects on Kx can therefore be made small
by choosing short curves for holonomies, while Kϕ-modifications remain unchanged. The
same arguments suggest that any non-linear modifications of the Kx-dependence should
also introduce higher spatial derivatives of Kx from a derivative expansion of extended
holonomies. However, no anomaly-free set of modified constraints is known in this form
[10].
The function β(Kϕ) is close to one only when f1(Kϕ) is close to the classical behavior,
f1(Kϕ) ≈ K2ϕ, which is usually the case for small Kϕ. For other values, the constraint
brackets do not have the classical form, and therefore the coefficients of a canonical line
element (2) no longer transform in the classical way consistent with coordinate transfor-
mations. In such regimes, we have a modified space-time structure which requires a careful
analysis before a coordinate-independent effective line element can be defined. We will
pursue this question in the next section, but first indicate how strongly the space-time
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structure can be modified: Near a local maximum of f1, β is negative, and the structure
function in the bracket of two Hamiltonian constraints changes sign, indicating signature
change according to (5). An analysis taking this new effect into account will, in general,
lead to drastically different results, compared with one that assumes a Lorentzian “ef-
fective” line element in which one just inserts metric components subject to a modified
dynamics. (See for instance [20].)
The remaining function, f1(Kϕ), is not restricted by the condition that constraint
brackets close. It is usually chosen such as to mimic holonomy components, for instance
f1(Kϕ) =
sin2(δKϕ)
δ2
(15)
with a real parameter δ. In this case,
f2(Kϕ) =
sin(2δKϕ)
2δ
(16)
and
β(Kϕ) = cos(2δKϕ) . (17)
The function (15) is chosen as a simple example of a function that corresponds to a U(1)-
holonomy in spherically symmetric models (replacing SU(2)-holonomies in the full theory).
The precise choice depends on quantization ambiguities [21], as almost any periodic func-
tion could be obtained from U(1) characters.
2.2 Evolution, gauge and coordinates
The functions f1 and f2 appear in modified field equations generated by H [N ] +D[N
a]:
F˙ = {F,H [N ] +D[Na]} (18)
for any phase-space function F . For the basic variables, we obtain
E˙x = 2N
√
Ex f2(Kϕ) +N
x(Ex)′ (19)
E˙ϕ = N
√
ExKx
df2(Kϕ)
dKϕ
+
NEϕ
2
√
Ex
df1(Kϕ)
dKϕ
+ (NxEϕ)′ (20)
and
K˙x = −N
(
− E
ϕ
2(Ex)3/2
f1(Kϕ) +
1√
Ex
f2(Kϕ)Kx − E
ϕ
2(Ex)3/2
+
((Ex)′)2
8Eϕ(Ex)3/2
+
(Ex)′(Eϕ)′
2
√
Ex(Eϕ)2
− (E
x)′′
2
√
ExEϕ
)
−
(
N(Ex)′
2
√
ExEϕ
)′
+
(
N
√
Ex(Eϕ)′
(Eϕ)2
)′
+
(
N
√
Ex
Eϕ
)′′
+ (NxKx)
′ (21)
K˙ϕ = N
(
− 1
2
√
Ex
(1 + f1(Kϕ))− ((E
x)′)2
8
√
Ex(Eϕ)2
+
√
Ex(Ex)′(Eϕ)′
(Eϕ)3
−
√
Ex(Ex)′′
2(Eϕ)2
)
+
(
N
√
Ex(Ex)′
2(Eϕ)2
)′
+NxK ′ϕ . (22)
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For a given choice of N and Nx, solutions for the phase-space variables are obtained
in a fixed gauge. Because the modified constraints remain first class, they still generate
gauge transformations
δF = {F,H [ǫ0] +D[ǫx]} (23)
consistent with the dynamics: The evolution of gauge-transformed initial values is equal
to a gauge transformation of evolved initial values. For the phase-space variables, gauge
transformations
δEx = 2ǫ0
√
Ex f2(Kϕ) + ǫ
x(Ex)′ (24)
δEϕ = ǫ0
√
ExKx
df2(Kϕ)
dKϕ
+
ǫ0Eϕ
2
√
Ex
df1(Kϕ)
dKϕ
+ (ǫxEϕ)′ (25)
and
δKx = −ǫ0
(
− E
ϕ
2(Ex)3/2
f1(Kϕ) +
1√
Ex
f2(Kϕ)Kx − E
ϕ
2(Ex)3/2
+
((Ex)′)2
8Eϕ(Ex)3/2
+
(Ex)′(Eϕ)′
2
√
Ex(Eϕ)2
− (E
x)′′
2
√
ExEϕ
)
−
(
ǫ0(Ex)′
2
√
ExEϕ
)′
+
(
ǫ0
√
Ex(Eϕ)′
(Eϕ)2
)′
+
(
ǫ0
√
Ex
Eϕ
)′′
+ (ǫxKx)
′ (26)
δKϕ = ǫ
0
(
− 1
2
√
Ex
(1 + f1(Kϕ))− ((E
x)′)2
8
√
Ex(Eϕ)2
+
√
Ex(Ex)′(Eϕ)′
(Eϕ)3
−
√
Ex(Ex)′′
2(Eϕ)2
)
+
(
ǫ0
√
Ex(Ex)′
2(Eϕ)2
)′
+ ǫxK ′ϕ (27)
have a form similar to the evolution equations because they are generated by the same
constraints, but their meaning is quite different. For effective line elements, it is important
to consider evolution equations as well as gauge transformations, and their interplay.
We will now approach the question of how modified gauge transformations could be
related to coordinate transformations. The components of the spatial metric are subject
to modified gauge transformations according to (24) and (25). Gauge transformations of
the remaining components of an effective line element, N and Nx, are not as obvious, but
they are uniquely determined by the constrained system. In the next section we review
these aspects in general form, and then apply them to our modified spherically symmetric
systems.
3 Canonical covariance
Covariance is not realized in a manifest way in canonical gravity, but it must still be present,
given that the Hamiltonian formulation is equivalent to the more common Lagrangian one.
Because covariance does not directly meet the eye in canonical versions of modified or
quantum gravity, it is easy to overlook its importance when one works in a particular
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gauge without worrying whether other gauges would produce the same physical effects. If
covariance is implemented properly, on the other hand, consistency conditions are imposed
on possible quantum modifications, eliminating some (but perhaps not all) of the usual
ambiguities. There are therefore important reasons to study covariance in canonical gravity,
which remains one of the major open problems in approaches such as loop quantum gravity.
In this section, we briefly review the general features of covariance in classical canon-
ical gravity, and then make them more explicit in generic spherically symmetric models.
These details will allow us to see how covariance can be implemented in spherically sym-
metric models which are no longer classical but modified by holonomy effects motivated
by loop quantum gravity. We will notice an important new term which is implied by
holonomy modifications and necessary to obtain well-defined and gauge invariant effective
line elements. This new term has not been included in any one of the previously existing
black-hole models of loop quantum gravity.
3.1 Constraints, structure functions, and line elements
In canonical gravity, space-time coordinate transformations are replaced by gauge transfor-
mations of phase-space functions F (qab, p
cd) generated by the diffeomorphism and Hamil-
tonian constraints, D[ǫi] and H [ǫ0]. The diffeomorphism constraint generates deforma-
tions within a spatial slice used for the canonical decomposition, while the Hamiltonian
constraint generates deformations of a spatial slice along its normal direction na in space-
time. A combination of both transformations, generated by H [ǫ0]+D[ǫi], therefore implies
a deformation along a space-time vector field ǫa = ǫ0na + ǫisai , using a basis s
a
i , i = 1, 2, 3
of the spatial tangent bundle. For a generic phase-space function F , we obtain the gauge
transformation
δF = {F,H [ǫ0] +D[ǫi]} . (28)
In order to compare these space-time deformations with infinitesimal coordinate changes,
one should first translate the tangential-normal decomposition of a space-time vector
field into a space-time decomposition, with reference to the time-evolution vector field
ta = Nna + Na of an ADM formulation [1]. Here, N and Na are the lapse function and
shift vector field of the space-time metric which is being transformed. A space-time vector
field ξa, referring to the time direction and the previous spatial basis sai , is decomposed as
ξa = ξ0ta+ ξisai . If we want to find a gauge transformation which implements a coordinate
transformation along ξa, we should choose the components ǫ0 and ǫi such that ǫa and ξa
are the same vector field, just written in different bases (see also [22]):
ǫ0na + ǫisai =
ǫ0
N
ta +
(
ǫi − N
i
N
ǫ0
)
sai = ξ
0ta + ξisai . (29)
Comparing coefficients, a gauge transformation by (ǫ0, ǫi) should therefore correspond to
a coordinate transformation in a direction given by
ξ0 =
ǫ0
N
, ξi = ǫi − N
i
N
ǫ0 . (30)
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We then have the identity
LξF = {F,H [ǫ0] +D[ǫi]} (31)
for phase-space functions F (qab, p
cd), provided the identities (30) hold for the components
of ξa and ǫa.
As mentioned briefly in the introduction, in canonical gravity, gauge transformations
generated by H and D act only on the spatial metric qab and its momentum p
cd. These
constraints do not directly generate transformations of lapse and shift, which form the
time-time and time-space components of the space-time line element
ds2 = −N2dt2 + qab(dxa +Nadt)(dxb +N bdt) . (32)
However, a generic coordinate transformation clearly changes not just qab but also the
components g0a of the space-time metric. In order to discuss covariance and line elements
in canonical gravity, one could consider the extended phase space in which also lapse and
shift have momenta, that is, the phase space on which primary constraints have not yet
been solved [3]. Alternatively, the transformations follow from the requirement that the
canonical equations of motion are gauge covariant [23, 2].
The latter viewpoint is instructive because it makes it clear that the off-shell constraint
brackets, forming Dirac’s hypersurface-deformation algebroid, are important in this con-
text: Canonical equations of motion for the phase-space variables, formulated in a specific
gauge, depend on the corresponding lapse and shift. A gauge transformation (31) changes
the phase-space variables, and the transformed variables will obey equations of motion
consistent with the original ones only if lapse and shift are properly transformed too. We
are looking for a commutation property: The evolution of gauge-transformed initial data
must be equal to a gauge transformation of the evolved initial data. Since equations of
motion as well as gauge transformations are generated by the same constraints H and D,
the former by H [N ]+D[Na] and the latter by H [ǫ]+D[ǫa], the commutation of gauge and
evolution depends on the Poisson brackets of the constraints. An explicit calculation [2]
shows that a constrained system with structure functions FDAB, such that the constraints
obey
{CA, CB} = FDABCD , (33)
leads to covariant equations of motion generated by C[NA], provided the multipliers NA
are subject to a gauge transformation
δǫN
A = ǫ˙A +NBǫCFABC . (34)
(Summed-over indices such as D may be continuous, implying integrations.)
For canonical gravity, the structure functions can be read off from the hypersurface-
deformation brackets (3)–(5). They imply that the lapse function N should be subject to
a gauge transformation
δǫN = ǫ˙
0 + ǫi∂iN −N i∂iǫ0 (35)
and the shift vector field to a gauge transformation
δǫN
i = ǫ˙i + ǫj∂jN
i −N j∂jǫi − qij(N∂jǫ0 − ǫ0∂jN) . (36)
9
If these transformations are combined with a gauge transformation of the spatial metric,
the full space-time metric is transformed according to a space-time coordinate change.
The explicit result shows that the off-shell brackets and their structure functions are
relevant for the correct transformation of lapse and shift. This result underlines the impor-
tance of the full anomaly problem of modified or quantum gravity, making sure that the
modified constraints obey not just some closed or partially closed system, but a modified
version of the hypersurface-deformation brackets. In general, it is not enough to have clo-
sure on a phase-space on which some of the constraints have been solved (as in [24]), or of
a reformulated constraint system (such as partial Abelianizations in [25]). Only if one has
access to the full off-shell brackets, in such a way that the usual hypersurface-deformation
brackets are obtained in the classical limit, can one realize modified versions of the trans-
formations (35) and (36), a crucial ingredient of effective line elements. This conclusion
will be made much more explicit by our analysis of spherically symmetric modls in what
follows. (Examples of systems which formally have closed brackets of modified constraints
but are not covariant exist, see [26, 27].)
3.2 Spherically symmetric line elements
By definition, the variables Ex and Eϕ used in spherically symmetric models are such that
the spatial line element is given by
ds2 =
(Eϕ)2
Ex
dx2 + Ex(dϑ2 + sin2 ϑdϕ2) . (37)
Therefore, the spatial metric has components
qxx =
(Eϕ)2
Ex
and qϕϕ = E
x . (38)
A corresponding space-time line element is
ds2 = −N(x, t)2dt2 + qxx(x, t)(dx+Nx(x, t)dt)2 + qϕϕ(x, t)(dϑ2 + sin2 ϑdϕ2) . (39)
We can now apply a spherically symmetric coordinate transformation along the vector
field (ξ0, ξx) = (ǫ0/N, ǫx − (Nx/N)ǫ0), using (30), directly to the line element by inserting
t′ = t + ξ0 and x′ = x + ξx for t and x. The calculations are lengthy, but not as long as
without symmetry assumptions, and they will ultimately be instructive when we discuss
modified constraints.
After inserting transformed coordinates xa+ξa in the line element, we collect coefficients
of dx2, dxdt and dt2 in the new line element, in this order. The new coefficient of dx2
receives a contribution from a first-order expansion of qxx(x
′, t′), one from expanding
dx′ = d(x+ ǫx − (Nx/N)ǫ0) = dx+ (ǫx − (Nx/N)ǫ0)•dt+ (ǫx − (Nx/N)ǫ0)′dx (40)
in dx2, as well as one from the old dxdt term in which we include, for now, only the dx-term
in
dt′ = d(t+ ǫ0/N) = dt + (ǫ0/N)•dt+ (ǫ0/N)′dx . (41)
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The latter two originate from cross-terms in squares, and therefore count twice. We obtain
δqxx =
ǫ0
N
q˙xx +
(
ǫx − N
x
N
ǫ0
)
q′xx + 2qxx
(
ǫx − N
x
N
ǫ0
)′
+ 2qxxN
x
(
ǫ0
N
)′
. (42)
Similarly, the new dxdt-term receives several contributions from which, using δqxx, we
have
δNx = ǫ˙x + ǫx(Nx)′ −Nx(ǫx)′ − 1
qxx
(
N(ǫ0)′ − ǫ0N ′) . (43)
Finally, we derive
δN = ǫ˙0 +N ′ǫx −Nx(ǫ0)′ (44)
using both δqxx and δN
x. (See App. A for details.) These results confirm the general
expressions (35) and (36); note in particular a component of the inverse metric in (43).
(There is no inverse qϕϕ because the shift vector cannot have a ϕ-dependent ϕ-component
if it preserves spherical symmetry.)
3.3 Holonomy modifications
As a result of the preceding calculations, we see that a line element of the form (39)
is meaningful, that is, coordinate independent, only if lapse and shift are transformed
according to (44) and (43). For classical gravity, these transformations are implied by
the general result (34) for constrained systems. However, in the presence of holonomy
modifications, some of the structure functions are modified. The same general result, (34),
then implies that δNx has to be modified to
δNx = ǫ˙x + ǫx(Nx)′ −Nx(ǫx)′ − β
qxx
(
N(ǫ0)′ − ǫ0N ′) (45)
where β/qxx is the new structure function in the bracket of two Hamiltonian constraints.
Similarly, even though this structure function does not appear explicitly in (35), the
classical (43) is used in a derivation of (44) for spherically symmetric models, as shown in
App. A. This derivation can no longer proceed in the classical form if structure functions
are modified such that β 6= ±1. In particular, details of the derivation of (44) show that
the qxx-independent contributions to the new dt
2-term are given by
− 2NN˙ ǫ
0
N
− 2NN ′
(
ǫx − N
x
N
ǫ0
)
− 2N2
(
ǫ0
N
)•
= −2Nǫ˙0 − 2NN ′ǫx + 2NxN ′ǫ0 . (46)
Upon using δNx, a new qxx-independent term 2NN
x(ǫ0)′ − 2NxN ′ǫ0 is generated by the
contribution q−1xx (N(ǫ
0)′ − ǫ0N ′) to δNx, and the result (44) follows. If δNx is modified to
(45), the correct δN as required by (34) no longer follows unless further modifications are
implemented in just the right way.
Since the term in δNx relevant for a derivation of δN is multiplied with β, the classical
cancellations leading to (44) still happen if all the terms in (46) are multiplied with β. This
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is achieved if one performs a coordinate transformation not of the classical line element
(39), but of an effective line element
ds2 = −β(x, t)N(x, t)2dt2 + qxx(x, t)(dx+Nx(x, t)dt)2 + qϕϕ(x, t)(dϑ2 + sin2 ϑdϕ2) . (47)
Holonomy modification not only imply corrections to the spatial metric by modified equa-
tions of motion generated by the Hamiltonian constraint, they also require a new factor of
β of N2 in the time-time component of the space-time line element. Signature change for
β < 0 is an immediate consequence.
In the derivation of δN from a coordinate transformation we also made use of δqxx in
addition to δNx. Since the constraints are modified by holonomy terms, gauge transforma-
tions and equations of motion for qxx are modified as well. However, a direct calculation
shows that the modified equations of motion for Ex and Eϕ imply that the classical relation
(42) between a gauge transformation of qxx = (E
ϕ)2/Ex and its space and time derivatives
remains unchanged, for any choice of f1 and f2. (See App. B.)
The new factor of β in the time-time component produces the correct modification
(45) as required by the modified constraint brackets, and it ensures that the derivation
of δN still results in (44), also required by the constraint brackets. The new time-time
component, transformed by a coordinate transformation, now has an expansion given by
δ(−βN2) = −2βNδN − β˙ǫ0N − β ′
(
ǫx − N
x
N
ǫ0
)
N2 = −2βN
(
δN +
N
2β
δβ
)
(48)
with
δN+
δβ
2β
N = ǫ˙0+N ′ǫx−Nx(ǫ0)′+1
2
β˙
β
ǫ0+
1
2
β ′
β
(Nǫx−Nxǫ0) = (
√
βǫ0)• + (
√
βN)′ǫx −Nx(√βǫ0)′√
β
,
(49)
assuming β > 0 in the last step, as well as scalar transformation. Therefore, for β > 0 we
have
δ(−βN2) = −2
√
βN
(
(
√
βǫ0)• + (
√
βN)′ǫx −Nx(
√
βǫ0)′
)
, (50)
and transformations of the effective line element can be mapped to those of the classical line
element by absorbing a factor of
√
β in the lapse function N and in the time component ǫ0
of a gauge transformation. Alternatively, one can view this as absorbing
√
β in the normal
vector na, which is then no longer a unit vector. The latter viewpoint is an example for the
general result of [28] based on properties of Lie algebroids. If β < 0,
√|β| can be absorbed
in the same way, provided one maps to a Euclidean 4-dimensional line element.
4 Specific solutions of effective line elements
The equations of motion (19)–(22) form a set of coupled, non-linear, partial differential
equations. An important class of classical solutions which are easier to derive are stationary
ones, which we can try to look for also in the modified case. In Eq. (19), the left-hand side
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must then be zero, as must be the shift vector: We are looking for the zeros of one of the
holonomy-modification functions, f2(Kϕ) = 0. Potential candidates of stationary solutions
are therefore such that
Kϕ = 0 , Kϕ =
π
2δ
, . . . (51)
(assuming a modification function of the form (15).) The value of Kϕ = 0 corresponds
to the classical solution, as shall be demonstrated in more detail in the next section. The
value of Kϕ = π/(2δ) may be considered a stationary solution in the deep quantum regime
of strongly modified constraints, corresponding to a Euclidean phase in an effective line
element. The presence of Euclidean solutions means that we have to generalize the meaning
of “stationary.” If there are four spatial dimensions but no time, the intuitive understanding
of stationary solutions does not apply. The formal definition as solutions with a timelike
Killing vector can, however, be generalized to a definition in which any solution with
a Killing vector transversal to the hypersurfaces of a canonical 3 + 1 decomposition is
considered stationary (or static if the Killing vector is normal to the hypersurfaces).
Another space(-time) property requires more care. It is not always obvious how new
stationary solutions for large Kϕ should be interpreted. We can see this difficulty if we first
describe what happens in the well-understood case of the classical Schwarzschild solution
in canonical form. We know that in this case a classical stationary solution of the canonical
equations of motion corresponds to the entire space-time region outside the horizon. In
this region, Kϕ = 0 does not identify a unique spatial slice but rather specifies a gauge
condition on the slicing of space-time. In other regions of the same space-time, however,
an equation such as Kϕ = 0 can have a different meaning. For instance, in the interior,
formulated as a Kantowski-Sachs model, Kϕ is no longer identically zero and a fixed value
then corresponds to a unique spatial hypersurface within a homogeneous slicing. The
existence of different possible meanings of Kϕ = 0 depending on the position in space-time
and its gauge shows that, without a further detailed analysis of slicings and gauges, we
cannot uniquely decide which version new stationary solutions with δKϕ = π/2 should
correspond to.
Additional solutions, with even larger values of Kϕ = nπ/(2δ) for integer n, could
indicate the existence of further alternating cycles of Euclidean and Lorentzian phases.
However, before embarking on a detailed analysis of the quantum space(-time) dynamics, it
is mute to speculate about potential transitions or phase-changes between the two classical
signatures. Here, we are mainly interested in developing an understanding of the approach
to larger values of Kϕ and eventually the first Euclidean region.
4.1 The classical Schwarzschild solution
We begin with a simpler task: recovering the classical solution in an effective line element.
In order to solve the full set of spherically symmetric equations, we first choose the gauge
Ex = x2 and then examine its flow as generated by the diffeomorphism constraint:
δEx = {Ex(x), D[Nx]} = Nx(x) (Ex(x))′ ≈ 2Nxx (52)
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vanishes, and therefore the gauge condition is conserved, provided Nx = 0. With this first
gauge choice, Ex = x2, we solve the diffeomorphism constraint D[Nx] = 0 and obtain
Kx =
Eϕ
x
K ′ϕ . (53)
We can now rewrite the Hamiltonian constraint with this partial gauge fixing
H [N ] = − 1
2G
∫
dxN
(
(1 + f1 (Kϕ))
Eϕ
x
+ 2Eϕf2 (Kϕ)K
′
ϕ −
3x
Eϕ
+
2x2 (Eϕ)′
(Eϕ)2
)
. (54)
It generates a flow given by
δNE
ϕ := {Eϕ, H [N ]} =
(
NEϕ
x
− d
dx
(NEϕ)
)
f2 (Kϕ) +NE
ϕK ′ϕ
df2
dKϕ
, (55)
δNKϕ := {Kϕ, H [N ]} = −N
2x
(1 + f1 (Kϕ))− N
2
df1
dx
+
Nx
2(Eϕ)2
+
N ′x2
(Eϕ)2
. (56)
For a stationary solution, Eϕ is conserved. Since Kϕ is constant, δNKϕ implies an equation
for N using (56), depending on Eϕ restricted by H [N ] = 0 in (54).
We have already stated that the classical stationary solution should correspond to
Kϕ = 0. Since Kϕ is fixed, its flow generated by H [N ], (56), must vanish:
− N
2x
+
Nx
2(Eϕ)2
+
N ′x2
(Eϕ)2
= 0 (57)
or
(Eϕ)2 = x2
(
1 + 2x
N ′
N
)
. (58)
(One may view Kϕ = 0 as a gauge-fixing condition.)
Finally, the Hamiltonian constraint (54) implies a differential equation for Eϕ,
(Eϕ)3 − 3x2Eϕ + 2x3dE
ϕ
dx
= 0 , (59)
with the general solution
Eϕ =
x√
1 + c/x
. (60)
The integration constant c = −2M can be fixed, as usual, by referring to the mass for
large x. Using this solution in (58) then implies a differential equation
2
dN
dx
= − Nc
x(x+ c)
(61)
for the lapse function, with the solution N(x) =
√
1 + c/x. (An additional integration
constant in this solution would simply rescale the lapse function.)
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We can now formulate a line element. Since β(Kϕ) = 1 for Kϕ = 0, the effective line
element, obtained by inserting our solutions in
ds2 = −βN2dt2 + (E
ϕ)2
Ex
(dx+Nxdt)2 + ExdΩ2 , (62)
is identical with the classical Schwarzschild line element
ds2 = −
(
1− 2M
x
)
dt2 +
1
1− 2M/xdx
2 + x2dΩ2 . (63)
4.2 Holonomy-modified interior
The same arguments as used in classical general relativity show that the values of x < 2M
can no longer correspond to a stationary solution because, according to (63), x then plays
the role of a time coordinate and the metric depends on x. The gauge choice Kϕ = 0 is
therefore unavailable in the interior. Moreover, Ex = x2 is not a good gauge choice if x
becomes a time coordinate (unless one would like to use
√
Ex as internal time).
The interior, classically, is no longer stationary but spatially homogeneous because
the metric does not depend on the new spatial coordinate t, and it remains spherically
symmetric. The homogeneity condition (Ex)′ = 0 can be used as a new gauge choice,
also in the modified constraints. (Here and in what follows, a prime always denotes a
spatial derivative, while a dot is a time derivative. In the interior of (63), a prime therefore
refers to a derivative by t, while a dot refers to a derivative by x. This convention is used
here because it is consistent with the dots and primes in the general equations of motion
(19)–(22).) The diffeomorphism constraint then implies K ′ϕ = 0 for non-degenerate triads.
The Hamiltonian constraint, with spatially constant Ex and Kϕ, implies that Kx/E
ϕ is
spatially constant. And with this condition E˙ϕ/Eϕ, according to (20), is homogeneous if we
assume homogeneous N and Nx = 0. If we choose homogeneous initial data, they remain
homogeneous. Spatially homogeneous solutions therefore exist for any choice of holonomy-
modification functions. Moreover, any such solution is connected to the stationary exterior
through a horizon: The classical homogeneous interior, with N(T ) = 1/
√
2M/T − 1,
Ex(T ) = T 2 and Eϕ(T ) = T
√
2M/T − 1 where T = x in terms of the coordinates used
in (63), has a vanishing Kϕ(T ) = E˙
x/(2N
√
Ex) =
√
2M/T − 1 = 0 at the horizon.
Therefore, holonomy modifications are expected to be small around the horizon, and the
classical matching surface is unmodified.
By these arguments, we may consider modified homogeneous solutions as a black-hole
interior. Since the classical relationship T = x with an exterior coordinate may no longer
be realized, we call the new time coordinate in the interior η. (We will also choose a
different lapse function for our modified interior solutions.) The function
√
Ex(η) would
then be one of the scale factors of a modified Kantowski–Sachs model, accompanied by
Eϕ(η)/
√
Ex(η) as an independent one in an anisotropic homogeneous model. Their time
dependence is given by the previous equations of motion, (19)–(22), setting all spatial
derivatives equal to zero and using a spatially constant lapse function. The Hamiltonian
constraint, also with zero spatial derivatives, then implies a Friedmann-type equation.
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It is convenient to choose the lapse function to be N =
√
Ex, an anisotropic version of
conformal time. (For solutions in a different choice, see [29].) In the equations of motion
E˙x = 2Exf2(Kϕ) (64)
E˙ϕ = ExKx
df2
dKϕ
+
1
2
Eϕ
df1
dKϕ
(65)
= ExKx
df2
dKϕ
+ Eϕf2(Kϕ) (66)
K˙x =
Eϕ
2Ex
f1(Kϕ)−Kxf2(Kϕ) + E
ϕ
2Ex
(67)
K˙ϕ = −1
2
(1 + f1(Kϕ)) , (68)
the last one decouples from the rest. For f1 as in (15), it can be solved by
Kϕ(η) =
1
δ
arctan
(
δ√
1 + δ2
tan
(
−1
2
√
1 + δ2(η − η0)
))
. (69)
(The form of this function resembles generalizations of Chebyshev polynomials considered
in [30], but we are not aware of a simplified form in our case.)
This function is of interest because it appears in the new coefficient βN2 in an effective
line element, derived from the deformation function β(Kϕ) = cos(2δKϕ) in the bracket
of two spherically symmetric Hamiltonian constraints. In particular, signature change is
indicated by sgnβ. Inserting our solution Kϕ(η), we obtain
β(η) =
1− δ2
1+δ2
tan2(−1
2
√
1 + δ2(η − η0))
1 + δ
2
1+δ2
tan2(−1
2
√
1 + δ2(η − η0))
. (70)
Signature change happens when η reaches a value such that
δ√
1 + δ2
tan
(
−1
2
√
1 + δ2(η − η0)
)
= 1 . (71)
“After” this time, η is no longer a time coordinate but can still be used as the fourth
coordinate in the Euclidean region. Changing η is then no longer time evolution but can
still be interpreted as a transition between different slices in the Euclidean core, determined
by the homogeneous gauge. For increasing η, the value β(η) = −1 of Euclidean space is
approached for tan(−1
2
√
1 + δ2(η − η0))→∞, or
η = η0 − π√
1 + δ2
. (72)
At this point, δKϕ =
1
2
π, a value which will be discussed in more detail in the following
subsection.
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With our Kϕ(η), we obtain
Ex(η) =
M2
(1 + δ2)2
(
1 + 2δ2 + cos
(√
1 + δ2(η − η0)
))2
(73)
from (64). Using the Hamiltonian constraint,
Eϕ
2
√
Ex
f1(Kϕ) +
√
ExKxf2(Kϕ) +
Eϕ
2
√
Ex
= 0 (74)
for spatially homogeneous variables, we can decouple the remaining variables Eϕ and Kx:
We first obtain
Kx
Eϕ
= − 1 + f1(Kϕ)
2Exf2(Kϕ)
(75)
from the Hamiltonian constraint, and insert this result in
E˙ϕ
Eϕ
= Ex
Kx
Eϕ
df2
dKϕ
+ f2(Kϕ) = −1 + f1(Kϕ)
2f2(Kϕ)
df2
dKϕ
+ f2(Kϕ) . (76)
This equation is slightly simpler if we write it directly for the metric component qxx =
(Eϕ)2/Ex:
q˙xx
qxx
= −1 + f1(Kϕ)
2f2(Kϕ)
df2
dKϕ
, (77)
using the relation between f1 and f2. The solution for E
ϕ is
Eϕ(η) = M sin
(√
1 + δ2(η − η0)
)
, (78)
which we can finally use to obtain
Kx(η) =
1 + δ2
2M
1 + 2δ2 +
√
1 + δ2 − (√1 + δ2 − 1) cos (√1 + δ2(η − η0))(
1 + 2δ2 + cos
(√
1 + δ2(η − η)))2 . (79)
The usual choice of f1, (15), also allows us to express the K-dependent terms in the
Hamiltonian constraint in terms of time derivatives of triad components, using the equa-
tions of motion: Trigonometric identities result in
df2
dKϕ
=
√
1− 4δ2f2(Kϕ)2 =
√√√√1− δ2
(
E˙x
Ex
)2
(80)
such that
Kx =
E˙ϕ −Eϕf2(Kϕ)
2Exdf2/dKϕ
=
E˙ϕ − 1
2
Eϕ
Ex
E˙x
2Ex
√
1− δ2(E˙x/Ex)2
. (81)
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Moreover,
f1(Kϕ) =
1− df2/dKϕ
2δ2
=
1−
√
1− δ2(E˙x/Ex)2
2δ2
. (82)
Eliminating K-components in the Hamiltonian constraint, we therefore obtain the “effec-
tive” Hamiltonian
H [N ] = −L0 N√
Ex

Eφ1−
√
1− δ2(E˙x/Ex)2
4δ2
+
(
E˙ϕ − 1
2
Eϕ
Ex
E˙x
)
E˙x
2Ex
√
1− δ2(E˙x/Ex)2
+
1
2
Eφ

 (83)
= − L0N
2
√
Ex
√
1− δ2(E˙x/Ex)2
(
E˙ϕ
E˙x
Ex
+
1
2δ2
Eφ
(
(1 + 2δ2)
√
1− δ2(E˙x/Ex)2 − 1
))
for a finite region of coordinate length L0 =
∫
dx.
4.3 Effective line element in the deep quantum regime
The homogeneous interior evolves such that Kϕ grows as we move away from the horizon.
(Note that η decreases from η0 at the horizon to η0 − π/
√
1 + δ2 at the transition of
signature change. Similarly, the time coordinate t in a classical interior, corresponding
to r in the usual Schwarzschild line element, decreases from t = 2M at the horizon to
t = 0 at the singularity. Formally, therefore, Kϕ(η) given in (69) is a decreasing function.)
It eventually reaches a value where β = 0, and the signature changes to 4-dimensional
Euclidean space. If we just follow formal solutions in this regime, Kϕ still grows in the
direction normal to hypersurfaces of the canonical decomposition, which is no longer a
time direction. We should therefore switch to a 4-dimensional boundary-value problem, or
a 2-dimensional one for t and x in the spherically symmetric reduction. There is not much
known about possible boundary conditions in the deep quantum regime, and therefore the
interior solutions becomes uncertain at this point. However, we use the fact that large
Kϕ will be reached as a motivation to take a closer look at the new stationary solutions
realized for Kϕ = π/(2δ).
We choose to fix the gauge in the same way as before, using Ex = x2, but assigning the
value π/(2δ) to Kϕ. (After a transition to Euclidean signature, E
x = x2 is again a good
gauge choice even though we may remain in the interior.) For this choice, f1(Kϕ) = 1/δ
2
and f2(Kϕ) = 0. (Note that the resulting solutions will not have a classical limit because
f1 diverges for δ → 0.) We then proceed as before: Compatibility of the flow of Kϕ with
the gauge choice can be deduced from (56) and implies
(Eϕ)2 =
x2
1 + 1/δ2
(
1 + 2x
N ′
N
)
. (84)
Solving for the Hamiltonian constraint then gives
Eϕ =
x√
1 + 1/δ2 − c/x (85)
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with an integration constant c To simplify notation, we introduce the parameter δ¯ =
(1 + 1/δ2)−1 from hereon. We solve for the lapse
N(x) =
√
1− cδ¯
x
. (86)
All the consistency conditions, such as preservation of Eϕ, still hold.
The effective line element, with β(Kϕ) = −1 for Kϕ = π/(2δ), is
ds2 =
(
1− cδ¯
x
)
dτ 2 +
δ¯
1− cδ¯/x dx
2 + x2dΩ2 . (87)
A Newtonian limit in Euclidean space would suggest cδ¯ = 2M , such that
ds2 =
(
1− 2M
x
)
dτ 2 +
δ¯
1− 2M/x dx
2 + x2dΩ2 . (88)
(The Newtonian limit is, of course, not a straightforward notion in Euclidean space. We
are merely redefining an integration constant at this point, but the suggestive identification
of M as a potential mass parameter might be useful.)
The Euclidean solution is valid for x > 2M . There is no legitimate solution for x < 2M
because it would imply two negative components of the metric, but no such signature is
allowed by the effective line elements derived here. The value x = 2M must therefore be
interpreted as a boundary of Euclidean space, rather than a horizon as in the classical
Schwarzschild solution. Analyzing the effective line element for x close to this value then
tells us whether the boundary is regular or forms a conical singularity, just as in applications
of Euclidean gravity to thermodynamic properties of black holes.
4.4 Black-hole thermodynamics
Our new stationary solution suggests interesting applications to black-hole thermodynam-
ics because it automatically appears as a Euclidean effective line element; no Wick rotation
is necessary to derive it.
In (88), the boundary at x = 2M is a conical singularity unless the metric coefficients
gττ and gxx in an expansion around this value agree with the 2-dimensional plane in polar
coordinates. Defining x = 2M + ξ with small ξ, we obtain
1− 2M
x
≈ 1
2M
ξ (89)
and write the 2-dimensional effective line element in τ and ξ as
ds2 ≈ 1
2M
ξdτ 2 + 2Mδ¯
dξ2
ξ
. (90)
Defining r =
√
8Mξδ¯ and φ = τ/(4M
√
δ¯) then implies the 2-plane line element ds2 ≈
dr2 + r2dφ2. We have the full 2-plane rather than a conical singularity provided that φ
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is periodic with period 2π, which implies a period of τT = 8πM
√
δ¯ for τ . In black-hole
thermodynamics, this value is usually regarded as the inverse of the Hawking temperature
TE =
1
τT
=
1
8πM
√
δ¯
(91)
for our Euclidean black hole. The corresponding entropy, using the area law, is
S =
A
4
= 4πM2 =
1
16πT 2
E
δ¯
, (92)
and the specific heat
C =
∂S
∂TE
= − 1
8πT 3
E
δ¯
< 0 (93)
indicates that this black hole is thermodynamically unstable. If δ ≪ 1, δ¯ ≈ δ2 ≪ 1 implies
that TE ≫ TL where TL is the temperature of a (classical) Lorentzian black hole with the
same massM as used in (91). The limit of δ → 0 of such a Euclidean black hole is therefore
not a classical black hole, but rather an object that evaporates very quickly if it is in any
way connected to a Lorentzian space-time.
Properties of higher stationary solutions with Kϕ = nπ/(2δ) with integer n can be
obtained by substituting δ/n for δ in the preceding equations, or δ¯ = (1 + n2/δ2)−1 for δ¯.
For small δ, δ¯ ≈ δ2/n2 is even smaller than for n = 1, and evaporation would proceed even
more quickly. We note, however, that a physical interpretation of parameters such as M
and T , obtained here exclusively in a Euclidean framework without the physical basis of a
Wick-rotated Lorentzian space-time, is not clear at this point and needs further study.
5 Discussion
We have studied effective line elements derived from anomaly-free spherically symmetric
models of modified canonical gravity. We used canonical effective methods which are not
new, but had not yet been applied in this context. Our results highlight the importance of
off-shell constraint brackets and related closure conditions. Moreover, the specific form of
hypersurface-deformation brackets in the classical limit is crucial; it cannot be replaced by
a reformulated constrained system (such as a partial Abelianization) even if it remains first
class. These detailed relationships between basic properties of canonical gravity reveal a
direct road from modified structure functions to coefficients in effective line elements and
related geometrical effects. In particular, if hypersurface-deformation brackets are modified
such that the bracket of two normal deformations changes sign, the corresponding effective
line element changes signature.
Applied to models of loop quantum gravity, therefore, signature change in effective line
elements has been found to be an inevitable consequence if covariance is preserved by holon-
omy effects. It is not possible to interpret changing signs of structure functions as a dynam-
ical instability of matter or metric perturbations on an otherwise Lorentzian space-time
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with a well-posed initial-value problem, as it is sometimes attempted in early-universe mod-
els. Since the only effective line element consistent with modified hypersurface-deformation
brackets becomes Euclidean when holonomy effects are strong, only 4-dimensional boundary-
value problems can be well-posed in this regime.
We have focused here on spherically symmetric solutions of modified canonical gravity.
New black-hole models with a Euclidean core have been obtained, correcting the proposal of
[31, 32] and several more recent follow-up studies. Our effective line elements also give rise
to new non-classical stationary solutions, but their thermodynamical behavior indicates
that they may not be relevant for a long-term analysis of quantum space-time.
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A Coordinate transformations and lapse and shift
In the main text, we have shown some steps in the derivation of δqxx from a coordinate
transformation of the canonical spherically symmetric line element; see (42). Here, we
provide further details of a similar derivation of δNx and δN , given in (43) and (44).
We will highlight steps in the derivation that will change if the hypersurface-deformation
brackets are deformed.
In order to compute δNx, we collect all terms that receive differentials dxdt after
substituting t′ = t + ǫ0/N and x′ = x + ǫx − (Nx/N)ǫ0 in the spherically symmetric line
element
ds2 = −N(x, t)2dt2 + qxx(x, t)(dx+Nx(x, t)dt)2 + qϕϕ(x, t)(dϑ2 + sin2 ϑdϕ2) . (94)
Such contributions results from all terms except those that have angle differentials. In the
final expression,
1
2
δds2|dxdt = ǫ
0
N
q˙xxN
x +
(
ǫx − N
x
N
ǫ0
)
q′xxN
x +
ǫ0
N
qxxN˙
x +
(
ǫx − N
x
N
ǫ0
)
qxx(N
x)′
+qxxN
x
((
ǫx − N
x
N
ǫ0
)′
+
(
ǫ0
N
)•)
+qxx
(
ǫx − N
x
N
ǫ0
)•
+ qxx(N
x)2
(
ǫ0
N
)′
−N2
(
ǫ0
N
)′
, (95)
the first line results from expanding qxx and N
x in qxxN
xdx′dt′, while the second line results
from expanding dx′dt′ in the same term. The last line contains those terms that produce
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dxdt in an expansion of qxxdx
2, qxx(N
x)2dt2, and −N2dt2, respectively. In an expansion,
all these terms appear twice, which we have taken into account by dividing by two on the
left-hand side of the equation.
The first two terms in (95) can be recognized as similar contributions to δqxx, given in
(42). The two remaining terms in (42) then change (95) to
1
2
δds2|dxdt = Nxδqxx − 2qxxNx
(
ǫx − N
x
N
ǫ0
)′
− 2qxx(Nx)2
(
ǫ0
N
)′
+
ǫ0
N
qxxN˙
x +
(
ǫx − N
x
N
ǫ0
)
qxx(N
x)′
+qxxN
x
((
ǫx − N
x
N
ǫ0
)′
+
(
ǫ0
N
)•)
+qxx
(
ǫx − N
x
N
ǫ0
)•
+ qxx(N
x)2
(
ǫ0
N
)′
−N2
(
ǫ0
N
)′
. (96)
Since this result should equal the first-order contribution to (q+δqxx)(N+δN
x), the terms
on the right other than Nxδqxx give us
δNx = −2Nx
(
ǫx − N
x
N
ǫ0
)′
− 2(Nx)2
(
ǫ0
N
)′
+
ǫ0
N
N˙x +
(
ǫx − N
x
N
ǫ0
)
(Nx)′ +Nx
((
ǫx − N
x
N
ǫ0
)′
+
(
ǫ0
N
)•)
+
(
ǫx − N
x
N
ǫ0
)•
+ (Nx)2
(
ǫ0
N
)′
− 1
qxx
N2
(
ǫ0
N
)′
. (97)
Notice that we now obtained an inverse metric component in the last term, which will be
sensitive to modified constraint brackets. If we take all the derivatives, the result can be
simplified to
δNx = ǫ˙x + ǫx(Nx)′ −Nx(ǫx)′ − 1
qxx
(
N(ǫ0)′ − ǫ0N ′) , (98)
which is (43).
The transformation δN of the lapse function is derived from an expansion of all terms
in ds2 with at least one dt. We first compute
δds2|dt2 = −2NN˙ ǫ
0
N
− 2NN ′
(
ǫx − N
x
N
ǫ0
)
− 2N2
(
ǫ0
N
)•
(99)
+
(
q˙xx(N
x)2 + 2qxxN
xN˙x
) ǫ0
N
+
(
q′xx(N
x)2 + 2qxxN
x(Nx)′
)(
ǫx − N
x
N
ǫ0
)
+2qxx(N
x)2
(
ǫ0
N
)•
+2qxxN
x
(
ǫx − N
x
N
ǫ0
)•
,
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where the first line results from an expansion of−N2dt2, the next two lines from qxx(Nx)2dt2,
and the last from 2qxxN
xdxdt. This result should be equal to the first-order contribution
in
−(N+δN)2+(qxx+δqxx)(Nx+δNx)2 = −N2+qxx(Nx)2−2NδN+(Nx)2δqxx+2qxxδNx+· · ·
(100)
Using δqxx in (42), which does not change for holonomy-modified constraints, we can first
rewrite
δds2|dt2 = (Nx)2δqxx − 2NN˙ ǫ
0
N
− 2NN ′
(
ǫx − N
x
N
ǫ0
)
− 2N2
(
ǫ0
N
)•
(101)
+2qxxN
xN˙x
ǫ0
N
+ 2qxxN
x(Nx)′
(
ǫx − N
x
N
ǫ0
)
+2qxx(N
x)2
((
ǫ0
N
)•
−Nx
(
ǫ0
N
)′)
+2qxxN
x
((
ǫx − N
x
N
ǫ0
)•
−Nx
(
ǫx − N
x
N
ǫ0
)′)
,
We next have to collect terms that provide δNx in (100) before we can read off δN . We
will do so for a holonomy-modified expression of the form (45), or
δNx = ǫ˙x + ǫx(Nx)′ −Nx(ǫx)′ − β
qxx
(
N(ǫ0)′ − ǫ0N ′) , (102)
in order to highlight the lack of cancellations if an unmodified effective line element were
used. Since the δNx-term in (100) is the only first-order contribution in this expression
with a coefficient of qxx, it must produce all terms in the second, third and fourth line in
(101). By taking derivatives, it is straightforward, if a bit tedious, to see that this is indeed
the case. However, the β-dependent term in δNx contains the inverse metric component
1/qxx, which produces a term in qxxδN
x independent of qxx. This remaining term should
be combined with the first line in (101) such that −2NδN results. We find
6 δN = N˙ ǫ
0
N
+N ′
(
ǫx − N
x
N
ǫ0
)
+N
(
ǫ0
N
)•
+ β
Nx
N
(
N ′ǫ0 −N(ǫ0)′)
= ǫ˙0 +N ′ǫx + (β − 1)NxN
′
N
ǫ0 − βNx(ǫ0)′ . (103)
For β = 1, this result is identical with the lapse transformation (35) required for consistency
of evolution and gauge. However, for β 6= 1, (103) and (102) are not consistent with gauge
transformations of multipliers of holonomy-modified constraints: While (102) is implied
by a deformed bracket of two Hamiltonian constraints, the lapse transformation should
not depend on β because, according to (34) it is sensitive only to the unmodified bracket
{H [N ], D[Na]}.
We can obtain consistent results by modifying the original line element (94) such that
expansion coefficients change in the right way. This modification then implies the effective
23
line element. We first note that all contributions to (103) other than the β-dependent term
originate from an expansion of −N2dt2. If we modify this contribution to the line element
to −βN2dt2, all terms in the first line of (103) are proportional to β, and the classical
cancellations are revived:
δβN = βN˙
ǫ0
N
+ βN ′
(
ǫx − N
x
N
ǫ0
)
+ βN
(
ǫ0
N
)•
+ β
Nx
N
(
N ′ǫ0 −N(ǫ0)′)
= β
(
ǫ˙0 +N ′ǫx −Nx(ǫ0)′) = βδN , (104)
where δN is the classically expected transformation. If β depends on t or x, the expansion
of −βN2 will recieve additional terms, which can be combined to
−2βNδN − β˙ǫ0N − β ′
(
ǫx − N
x
N
ǫ0
)
N2
= −2Nβ
(
δN
1
2
β˙
β
ǫ0 +
1
2
β ′
β
(Nǫx −Nxǫ0)
)
= −2
√
βN
(
(
√
βǫ0)• + (
√
βN)′ −Nx(
√
βǫ0)′
)
. (105)
Gauge transformations of lapse and shift for holonomy-modified constraints are therefore
consistent with the effective line element (47), but not with the classical form of the line
element. Equivalently, as shown by (105), one can work with the usual line element after a
redefinition of the lapse function N and gauge parameter ǫ0 absorbing
√
β, provided β > 0.
If β < 0, one can absorb
√−β in the lapse function and gauge parameter of Euclidean
space.
B Gauge transformation of the spatial metric
The spatial metric has two independent components in spherically symmetric models, qxx
and qϕϕ. In this appendix, we show that their gauge transformations, expressed in terms
of their time and space derivatives, are not modified for non-classical f1 and f2. The result
for qxx is important in our derivation of lapse and shift transformations, but the example
of qϕϕ is simpler. We present it first as a warm-up.
Since qϕϕ = E
x, we can directly use (24) and write
δqϕϕ = δE
x = 2ǫ0
√
Exf2(Kϕ) + ǫ
x(Ex)′ . (106)
This expression is modified for non-classical f2. However, if we use the modified equation
of motion (19), solved for
2
√
Exf2(Kϕ) =
1
N
(
E˙x −Nx(Ex)′
)
, (107)
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we obtain
δqϕϕ =
ǫ0
N
(
E˙x −Nx(Ex)′
)
+ ǫx(Ex)′
=
ǫ0
N
q˙ϕϕ +
(
ǫx − N
x
N
ǫ0
)
q′ϕϕ .
There are no modifications in this equation.
For qxx, we proceed in a similar way and write
δqxx = δ
(
(Eϕ)2
Ex
)
= −(E
ϕ)2
(Ex)2
δEx + 2
Eϕ
Ex
δEϕ
= −(E
ϕ)2
(Ex)2
(
2ǫ0
√
Ex f2(Kϕ) + ǫ
x(Ex)′
)
+2
Eϕ
Ex
(
ǫ0
√
ExKx
df2(Kϕ)
dKϕ
+
ǫ0Eϕ
2
√
Ex
df1(Kϕ)
dKϕ
+ (ǫxEϕ)′
)
= 2
Eϕ√
Ex
Kx
df2(Kϕ)
dKϕ
ǫ0 +
(
ǫx(Eϕ)2
Ex
)′
+
(Eϕ)2
Ex
(ǫx)′ +
(Eϕ)2
(Ex)3/2
ǫ0
(
df1(Kϕ)
dKϕ
− 2f2(Kϕ)
)
.
If we now use the equations of motion to eliminate Kx, we have
δqxx =
2ǫ0Eϕ
ExN
(
E˙ϕ − E
ϕ
2Ex
(
E˙x +N
√
Ex
(
df1(Kϕ)
dKϕ
− 2f2(Kϕ)
)
−Nx(Ex)′
)
− (NxEϕ)′
)
+
(
ǫx(Eϕ)2
Ex
)′
+
(Eϕ)2
Ex
(ǫx)′ +
(Eϕ)2
(Ex)3/2
ǫ0
(
df1(Kϕ)
dKϕ
− 2f2(Kϕ)
)
=
ǫ0
N
(
(Eϕ)2
Ex
)•
+
(
ǫx − N
x
N
ǫ0
)(
(Eϕ)2
Ex
)′
− 2(E
ϕ)2
Ex
ǫ0
N
(Nx)′ + 2
(Eϕ)2
Ex
(ǫx)′
=
ǫ0
N
q˙xx +
(
ǫx − N
x
N
ǫ0
)
q′xx − 2qxx
ǫ0
N
(Nx)′ + 2qxx(ǫ
x)′ .
Also this equation is unmodified by holonomy terms. Note that the condition (13) for
anomaly-free constraints would simplify the derivation, but it is not required for δqxx,
expressed in terms of its time and space derivatives, to be of the classical form.
References
[1] R. Arnowitt, S. Deser, and C. W. Misner, The Dynamics of General Relativity, In L.
Witten, editor, Gravitation: An Introduction to Current Research, Wiley, New York,
1962, Reprinted in [33]
[2] M. Bojowald, Canonical Gravity and Applications: Cosmology, Black Holes, and
Quantum Gravity, Cambridge University Press, Cambridge, 2010
25
[3] J. M. Pons, D. C. Salisbury, and L. C. Shepley, Gauge transformations in the La-
grangian and Hamiltonian formalisms of generally covariant theories, Phys. Rev. D
55 (1997) 658–668, [gr-qc/9612037]
[4] M. Bojowald, G. Hossain, M. Kagan, and S. Shankaranarayanan, Anomaly freedom in
perturbative loop quantum gravity, Phys. Rev. D 78 (2008) 063547, [arXiv:0806.3929]
[5] T. Cailleteau, J. Mielczarek, A. Barrau, and J. Grain, Anomaly-free scalar perturba-
tions with holonomy corrections in loop quantum cosmology, Class. Quant. Grav. 29
(2012) 095010, [arXiv:1111.3535]
[6] T. Cailleteau, L. Linsefors, and A. Barrau, Anomaly-free perturbations with inverse-
volume and holonomy corrections in Loop Quantum Cosmology, Class. Quantum
Grav. 31 (2014) 125011, [arXiv:1307.5238]
[7] J. D. Reyes, Spherically Symmetric Loop Quantum Gravity: Connections to 2-
Dimensional Models and Applications to Gravitational Collapse, PhD thesis, The
Pennsylvania State University, 2009
[8] M. Bojowald, J. D. Reyes, and R. Tibrewala, Non-marginal LTB-like models with
inverse triad corrections from loop quantum gravity, Phys. Rev. D 80 (2009) 084002,
[arXiv:0906.4767]
[9] A. Kreienbuehl, V. Husain, and S. S. Seahra, Modified general relativity as a
model for quantum gravitational collapse, Class. Quantum Grav. 29 (2012) 095008,
[arXiv:1011.2381]
[10] M. Bojowald, G. M. Paily, and J. D. Reyes, Discreteness corrections and higher spatial
derivatives in effective canonical quantum gravity, Phys. Rev. D 90 (2014) 025025,
[arXiv:1402.5130]
[11] M. Bojowald and G. M. Paily, Deformed General Relativity and Effective Actions
from Loop Quantum Gravity, Phys. Rev. D 86 (2012) 104018, [arXiv:1112.1899]
[12] J. Mielczarek, Signature change in loop quantum cosmology, Springer Proc. Phys.
157 (2014) 555, [arXiv:1207.4657]
[13] M. Bojowald and H. A. Kastrup, Symmetry Reduction for Quantized Diffeomor-
phism Invariant Theories of Connections, Class. Quantum Grav. 17 (2000) 3009–3043,
[hep-th/9907042]
[14] M. Bojowald, Spherically Symmetric Quantum Geometry: States and Basic Opera-
tors, Class. Quantum Grav. 21 (2004) 3733–3753, [gr-qc/0407017]
[15] M. Bojowald and R. Swiderski, Spherically Symmetric Quantum Geometry: Hamil-
tonian Constraint, Class. Quantum Grav. 23 (2006) 2129–2154, [gr-qc/0511108]
26
[16] C. Rovelli and L. Smolin, Loop Space Representation of Quantum General Relativity,
Nucl. Phys. B 331 (1990) 80–152
[17] A. Ashtekar, J. Lewandowski, D. Marolf, J. Moura˜o, and T. Thiemann, Quantization
of Diffeomorphism Invariant Theories of Connections with Local Degrees of Freedom,
J. Math. Phys. 36 (1995) 6456–6493, [gr-qc/9504018]
[18] T. Thiemann, Quantum Spin Dynamics (QSD), Class. Quantum Grav. 15 (1998)
839–873, [gr-qc/9606089]
[19] T. Thiemann, Kinematical Hilbert Spaces for Fermionic and Higgs Quantum Field
Theories, Class. Quantum Grav. 15 (1998) 1487–1512, [gr-qc/9705021]
[20] M. Bojowald, Information loss, made worse by quantum gravity, Front. Phys. 3 (2015)
33, [arXiv:1409.3157]
[21] J. Ben Achour, S. Brahma and M. Geiller, New Hamiltonians for loop quantum
cosmology with arbitrary spin representations, Phys. Rev. D 95 (2017) 086015
[22] D. C. Salisbury and K. Sundermeyer, The Realization in Phase Space of General
Coordinate Transformations, Phys. Rev. D 27 (1983) 740
[23] M. Bojowald, G. Hossain, M. Kagan, and S. Shankaranarayanan, Gauge invariant cos-
mological perturbation equations with corrections from loop quantum gravity, Phys.
Rev. D 79 (2009) 043505, [arXiv:0811.1572]
[24] T. Thiemann, Anomaly-Free Formulation of Non-Perturbative, Four-Dimensional
Lorentzian Quantum Gravity, Phys. Lett. B 380 (1996) 257–264, [gr-qc/9606088]
[25] R. Gambini and J. Pullin, Loop quantization of the Schwarzschild black hole, Phys.
Rev. Lett. 110 (2013) 211301, [arXiv:1302.5265]
[26] M. Bojowald, S. Brahma, and J. D. Reyes, Covariance in models of loop quantum
gravity: Spherical symmetry, Phys. Rev. D 92 (2015) 045043, [arXiv:1507.00329]
[27] M. Bojowald and S. Brahma, Covariance in models of loop quantum gravity: Gowdy
systems, Phys. Rev. D 92 (2015) 065002, [arXiv:1507.00679]
[28] M. Bojowald, S. Brahma, U. Bu¨yu¨kc¸am, and F. D’Ambrosio, Hypersurface-
deformation algebroids and effective space-time models, Phys. Rev. D 94 (2016)
104032, [arXiv:1610.08355]
[29] J. Ben Achour, F. Lamy, H. Liu, and K. Noui, Polymer Schwarzschild black hole: an
effective metric, EPL 123 (2018) 20006, [arXiv:1803.01152]
[30] J. S. Calcut, The tangent analogues of the Chebyshev polynomials,
http://www2.oberlin.edu/faculty/jcalcut/arctan.pdf
27
[31] A. Ashtekar and M. Bojowald, Quantum Geometry and the Schwarzschild Singularity,
Class. Quantum Grav. 23 (2006) 391–411, [gr-qc/0509075]
[32] A. Ashtekar and M. Bojowald, Black hole evaporation: A paradigm, Class. Quantum
Grav. 22 (2005) 3349–3362, [gr-qc/0504029]
[33] R. Arnowitt, S. Deser, and C. W. Misner, The Dynamics of General Relativity, Gen.
Rel. Grav. 40 (2008) 1997–2027
28
